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Abstract

A Galerkin boundary integral method is presented to solve the problem of an infinite, isotropic elastic plane con-

taining a large number of randomly distributed circular elastic inclusions with homogeneously imperfect interfaces.

Problems of interest might involve thousands of inclusions with no restrictions on their locations (except that the in-

clusions may not overlap), sizes, and elastic properties. The tractions are assumed to be continuous across the interfaces

and proportional to the corresponding displacement discontinuities. The analysis is based on a numerical solution of a

complex hypersingular integral equation with the unknown tractions and displacement discontinuities at each circular

boundary approximated by truncated complex Fourier series. The method allows one to calculate the stress and dis-

placement fields everywhere in the matrix and inside the inclusions. Numerical examples are included to demonstrate

the effectiveness of the approach.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Evaluation of the elastic fields for an array of elastic inclusions within an elastic matrix is important for
analysis of micromechanical behavior of fiber-reinforced materials. In a previous paper (Mogilevskaya and
Crouch, 2001), we presented a new numerical approach for solving two-dimensional problems involving a
large number of circular elastic inclusions in an infinite elastic plane. Problems of interest might involve
thousands of inclusions with no restrictions on their locations (except that the inclusions may not overlap),
sizes, and elastic properties. The approach allows one to calculate elastic fields everywhere in the matrix and
inside the inclusions. The bond between the inclusions and matrix is assumed to be perfect, so the tractions
and displacements are continuous across the interfaces.
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The problem of multiple interacting circular inhomogeneities in plane elastostatics has also been con-
sidered by Gong and Meguid (1993). Their approach is based on superposition of the Kolosov–Muskhe-
lishvili potentials (Muskhelishvili, 1959) for the individual inclusions, which are expanded in truncated
Laurent series. The unknown coefficients in the expansions are determined from the solution of a system of
complex algebraic equations. Gong and Meguid used a perturbation technique to solve this system. In this
technique, the unknown coefficients are expanded in infinite series with respect to a characteristic pa-
rameter. The disadvantage of this technique is that the results may depend on the choice of the charac-
teristic parameter; in the case of closely packed inclusions with large variations in size, convergence of the
series will be difficult to achieve. Gong and Meguid do not mention how many terms of the Laurent series
are needed to get accurate results. A problem in the field of groundwater flow analogous to the multiple
circular elastic inclusion problem has been considered by Jankovi�cc (1997) and Barnes and Jankovi�cc (1999)
The analytical/numerical approach used by these authors is referred to as the ‘analytic element method’
(Strack, 1989).
A number of authors have generalized the concept of perfect bonding in an effort to better represent the

real behavior of fiber-reinforced materials (see e.g. Aboudi, 1987; Achenbach and Zhu, 1989, 1990; Hashin,
1990, 1991; Jasiuk and Kouider, 1993; Gao, 1995; Ru and Schiavone, 1997; Ru, 1998, 1999; Bigoni et al.,
1998; Sudak et al., 1999; Chen, 2001). This work has led to the development of models for imperfect in-
terfaces. The simplest models assume that the tractions are continuous across an interface and that the
normal and shear displacement discontinuities are proportional to the normal and shear tractions at the
interface. The proportionality coefficients are either assumed to be constant along the interface (a homo-
geneously imperfect interface) or to vary along it (an inhomogeneously imperfect interface).
Closed-form solutions are available for the problem of a single circular inclusion with an imperfect

interface under general loading conditions. Gao (1995), for example, gave the solution for a circular in-
clusion with a general homogeneously imperfect interface (nonzero normal and shear proportionality co-
efficients) under the condition of a general two-dimensional eigenstrain and uniform tension at infinity. The
same problem was solved analytically by Bigoni et al. (1998) for more general loading conditions at infinity.
Solutions for a circular inclusion with an inhomogeneous interface were obtained by Ru (1998) for a sliding
interface, Ru and Schiavone (1997) for antiplane shear, Sudak et al. (1999) for an inhomogeneously im-
perfect interface with equal normal and shear constants, and Chen (2001) for uniform thermal loading.
To the authors’ knowledge, the general problem of multiple, randomly distributed, circular elastic in-

clusions with imperfect interfaces has been considered only using effective medium theories (e.g. Jun and
Jasiuk, 1993 for sliding interfaces) or under simplifying assumptions of dilute inclusions when the con-
centration of the inclusions is very small (e.g. Bigoni et al., 1998). Periodically spaced inclusions were
considered in Achenbach and Zhu (1989, 1990). In the present paper we extend a general approach sug-
gested in Mogilevskaya and Crouch (2001) to the case of an infinite elastic plane with a large number of
randomly spaced circular inclusions with homogeneously imperfect interfaces under arbitrary biaxial
loading at infinity.

2. Problem formulation

Consider an infinite, isotropic elastic plane subjected to a biaxial stress field at infinity and containing N
circular elastic inclusions (Fig. 1). The elastic properties of the inclusions (their shear moduli lj and
Poisson’s ratios mj, j ¼ 1; . . . ;N ) are arbitrary and in general are different from those of the matrix l and m.
The bond between the inclusions and the surrounding material (the matrix) is assumed to be homoge-
neously imperfect, which means that the normal and shear components of displacement discontinuity
across the interface of the jth inclusion are proportional to the corresponding components of traction, i.e.
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Dujn ¼ �kjnrjn; Dujs ¼ �kjsrjs ð1Þ

where Dujn ¼ ðujnÞinclusion � ðujnÞmatrix and Dujs ¼ ðujsÞinclusion � ðujsÞmatrix. The positive proportionality con-
stants ðkjn; kjsÞ in (1) may be different for each inclusion, and perfect bonding occurs when kjn ¼ kjs ¼ 0.
The inclusions may not touch one another, but the distance between them can be arbitrary small. The
distribution of displacements and stresses in the composite solid are to be determined. Let Rj, zj, and Lj

denote the radius, center, and boundary of the jth inclusion, Dj. The direction of travel is counterclockwise
for all the boundaries Lj. The unit normal n points to the right of the direction of travel (i.e. away from the
inclusions); the unit tangent s is directed in the direction of travel.
The system of inclusions is in equilibrium and it follows that the resultant force and moment on the

boundary of each inclusion (j ¼ 1; . . . ;N ) are equal to zero. The mathematical expressions for these con-
ditions can be written as follows (Muskhelishvili, 1959):Z

Lj

rjðsÞds ¼ 0 ð2Þ

Re

Z
Lj

srjðsÞd�ss ¼ 0 ð3Þ

where rjðzÞ ¼ rjnðzÞ þ irjsðzÞ, z ¼ xþ iy is complex coordinate of a point ðx; yÞ in the global Cartesian
coordinate system ðxOyÞ in a plane, with, of course, i ¼

ffiffiffiffiffiffiffi
�1

p
:

3. Boundary integral equation

The problem formulated above is a particular case of a more general problem of an infinite plane or a
finite body containing cracks, cavities, and inclusions of arbitrary shapes. The complex hypersingular

Fig. 1. Problem formulation.
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boundary integral equation governing this general problem is given in Linkov and Mogilevskaya (1994).
For the particular case considered here this equation can be written as follows:

XN
j¼1

2

Z
Lj

DujðsÞ
ðs � tÞ2

ds

"
�
Z
Lj

DujðsÞ
o

ot
dK1ðs; tÞ �

Z
Lj

DujðsÞ
o

ot
dK2ðs; tÞ þ ð2a1j � a3jÞ

Z
Lj

rjðsÞds
s � t

þ ða1j � a3jÞ
Z
Lj

rjðsÞ
o

ot
K1ðs; tÞds þ a1j

Z
Lj

rjðsÞ
o

ot
K2ðs; tÞd�ss

#
¼ 2pi a2

2
rðtÞ

h
þ r1ðtÞ

i
ð4Þ

where t 2 [N
j¼1Lj, Duj ¼ Dujx þ iDujy ; Dujx and Dujy are displacement discontinuity components in directions

Ox and Oy respectively;

a2 ¼ a2j
rðtÞ ¼ rjðtÞ

�
if t 2 Lj ð5Þ

a1j ¼
1

2lj
� 1

2l
; a2j ¼

1þ jj

2lj
þ 1þ j

2l
; a3j ¼

1þ jj

2lj
� 1þ j

2l
ð6Þ

r1ðtÞ ¼ � j þ 1
4l

r1
xx

"
þ r1

yy þ
d�tt
dt

ðr1
yy � r1

xx � 2ir1
xy Þ
#

ð7Þ

r1
xx , r

1
yy , and r1

xy are the stresses at infinity; j ¼ 3� 4m in plane strain; j ¼ ð3� mÞ=ð1þ mÞ in plane stress; a
bar over a symbol denotes complex conjugation; d�tt=dt ¼ expð�2icÞ where c is the angle between the axis
Ox and tangent at the point t; and

K1ðs; tÞ ¼ ln
s � t
�ss ��tt

; K2ðs; tÞ ¼
s � t
�ss ��tt

In the case of perfect bonding Duj ¼ 0 for j ¼ 1; . . . ;N and Eq. (4) reduces to the one considered in
Mogilevskaya and Crouch (2001).
The components of the stress tensor rxx, ryy , and rxy and the displacements uðzÞ at any point z inside the

inclusions and matrix can be calculated from two complex functions uðzÞ and wðzÞ by using the Kolosov–
Muskhelishvili formulae (Muskhelishvili, 1959)

2luðzÞ ¼ juðzÞ � zu0ðzÞ � wðzÞ
rxx þ ryy ¼ 4Reu0ðzÞ
ryy � rxx þ 2irxy ¼ 2½�zzu00ðzÞ þ w0ðzÞ�

ð8Þ

The Kolosov–Muskhelishvili potentials can be expressed in terms of integrals of the boundary tractions and
displacement discontinuities as follows (see e.g. Wang et al., 2001):

uðzÞ ¼ � ll

piðjl þ 1Þ
XN
j¼1

a1j

Z
Lj

rjðsÞ lnðs
"

� zÞds �
Z
Lj

DujðsÞds
s � z

#
þ u1ðzÞ

wðzÞ ¼ � ll

piðjl þ 1Þ
XN
j¼1

a1j

Z
Lj

rjðsÞ
�ssds
s � z

(
þ a3j



� a1j
� Z

Lj

rjðsÞ lnðs � zÞd�ss

�
Z
Lj

DujðsÞd�ss
s � z

þ
Z
Lj

DujðsÞds
s � z

þ
Z
Lj

DujðsÞ
ðs � zÞ2

�ssds

)
þ w1ðzÞ

ð9Þ

where ll, jl are the elastic constants of the lth inclusion if z 2 Dl, and ll ¼ l, jl ¼ j if z is a point of the
matrix, and
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u1ðzÞ ¼ llðj þ 1Þ
lðjl þ 1Þ

r1
xx þ r1

yy

4
z

w1ðzÞ ¼ llðj þ 1Þ
lðjl þ 1Þ

r1
yy � r1

xx þ 2ir1
xy

2
z

ð10Þ

4. Numerical solution

4.1. Approximation of the unknown functions

In order to solve (4), we represent the unknown tractions rjðsÞ at each boundary Lj by a truncated
complex Fourier series of the form

rjðsÞ 

XM1j
m¼1

B�mjFmj þ
XM2j
m¼0

Bmj=Fmj; s 2 Lj ð11Þ

where

FmjðsÞ ¼
Rj

s � zj


 �m

ð12Þ

By substituting the expression (11) into equilibrium conditions (2) and (3), and using the main integral
theorems of the theory of complex variables, we find that

B�1j ¼ 0; B0j are real ð13Þ
for all j ¼ 1; . . . ;N . We noted previously (Mogilevskaya and Crouch, 2001) that the equilibrium conditions
are introduced merely to simplify subsequent derivations. Conditions (13) would follow automatically from
the solution of (4) because this equation requires no additional conditions for the solution to exist (Linkov
and Mogilevskaya, 1995).
Using standard formulae for the change of variables (hj is shown in Fig. 1)

Dujx ¼ Dujn cos hj � Dujs sin hj

Dujy ¼ Dujn sin hj þ Dujs cos hj

and the relation

expðihjÞ ¼ cos hj þ i sin hj ¼
s � zj
Rj

we get from expressions (1) the following representation of the displacement discontinuities DujðsÞ

DujðsÞ ¼ � s � zj
Rj

ðajrj þ bj�rrjÞ ð14Þ

where

aj ¼ 0:5ðkjn þ kjsÞ; bj ¼ 0:5ðkjn � kjsÞ ð15Þ

Using expressions (11) and (14) we get

DujðsÞ 
 �aj

XM1j
m¼1

B�mjFðm�1ÞjðsÞ
"

þ
XM2j
m¼0

Bmj=Fðmþ1ÞjðsÞ
#
� bj

XM1j
m¼1

B�mj=Fðmþ1ÞjðsÞ
"

þ
XM2j
m¼0

BmjFðm�1ÞjðsÞ
#
;

s 2 Lj ð16Þ
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The complex coefficients B�mj (m ¼ 1; . . . ;M1j) and Bmj (m ¼ 0; . . . ;M2j) in series (11) and (16) need to be
determined. As discussed below, this is accomplished by setting up and solving a system of simultaneous,
linear algebraic equations. We note here that the number of coefficients need not be the same for all the
individual inclusions.

4.2. Calculation of the integrals

Six types of integrals are involved in (4). The three integrals involving tractions rjðsÞ are evaluated in our
previous paper (Mogilevskaya and Crouch, 2001) and are given as follows for the case in which the
evaluation point t 2 Lk:

XN
j¼1

ð2a1j � a3jÞ
Z
Lj

rjðsÞds
s� t

¼ ð2a1k � a3kÞpi
"
�
XM1k
m¼2

B�mkFmkðtÞ þ
XM2k
m¼0

Bmk=FmkðtÞ
#

� 2pi
XN
j¼1
j 6¼k

ð2a1j � a3jÞ
XM1j
m¼2

B�mjFmjðtÞ

XN
j¼1

ða1j � a3jÞ
Z
Lj

rjðsÞ
o

ot
K1ðs; tÞds ¼ 2pi

XN
j¼1
j 6¼k

ða1j � a3jÞ
XM1j
m¼2

B�mjFmjðtÞ
"

þ
XM2j
m¼0

BmjF2kðtÞFðmþ2ÞjðtÞ
#

XN
j¼1

a1j

Z
Lj

rjðsÞ
o

ot
K2ðs; tÞds ¼ 2pia1kB0k þ 2pi

XN
j¼1
j 6¼k

a1j
XM1j
m¼2

B�mjðtÞFmjðtÞKðtÞ
"

þ B0jF2kðtÞF2jðtÞ
#

ð17Þ

where

KðtÞ ¼ �1þ ðmþ 1ÞF2kðtÞF2jðtÞ � mF2kðtÞ
t � zj
�tt � �zzj

The integrals involving displacement discontinuities DujðsÞ can be calculated analytically in an analo-
gous way using three basic integrals (Appendix A). For the case in which the evaluation point t 2 Lk, we
have

XN
j¼1

Z
Lj

DujðsÞds
ðs � tÞ2

¼ �pi
ak

Rk

XM1k
m¼2

B�mkðm
"(

� 1ÞFmkðtÞ þ
XM2k
m¼0

Bmkðmþ 1Þ=FmkðtÞ
#

þ bk

Rk

XM1k
m¼2

B�mkðm
"

þ 1Þ=FmkðtÞ þ
XM2k
m¼1

Bmkðm� 1ÞFmkðtÞ þ B0k

#

þ 2
XN
j¼1
j 6¼k

aj

Rj

XM1j
m¼2

B�mjðm
"

� 1ÞFmjðtÞ þ
bj

Rj

XM2j
m¼1

Bmjðm� 1ÞFmjðtÞ
#)
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XN
j¼1

Z
Lj

DujðsÞ
o

ot
dK1ðs; tÞ ¼ �2pi

XN
j¼1
j 6¼k

aj

Rj

XM1j
m¼2
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#
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"
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XN
j¼1

Z
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DujðsÞ
o
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dK2ðs; tÞ ¼ 2pi

ak þ bk
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B0k � 2pi

XN
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j 6¼k
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XM1j
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B�mjðm
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Rj
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m¼1

Bmjðm� 1ÞFmjðtÞKðtÞ
)

ð18Þ

4.3. Resulting equation

Substitution of expressions (17) and (18) into Eq. (4) results in the following equation:

�
XM1k
m¼2

B�mk
c1k
2



þm� 1

Rk
ak

�
FmkðtÞ þ

XM2k
m¼1

Bmk
c3k
2



�mþ 1
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c2k
2



� 2 ak þ bk
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�
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"
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#
þ
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(
�
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�
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�
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�
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KðtÞ

�
þ
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m¼2

B�mjFmjðtÞ a1j


�
þm� 1

Rj
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�
KðtÞ � ðmþ 1Þ
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F2kðtÞF2jðtÞ

�

�
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Rj
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m¼1

Bmjðm� 1ÞFmjðtÞ
)

¼ �jþ 1
4l

r1
xx

h
þ r1

yy � F2kðtÞ r1
yy

�
� r1

xx � 2ir1
xy

�i
ð19Þ

where

c1k ¼ 2a1k þ a2k � a3k; c2k ¼ 4a1k � a2k � a3k; c3k ¼ 2a1k � a2k � a3k

By writing this equation for all the inclusions, k ¼ 1 to N, one gets a system of N complex algebraic
equations. These equations involve

PN
k¼1ðM1k þM2k � 1Þ complex coefficients B�mk ðm ¼ 2; . . . ;M1kÞ and

Bmk ðm ¼ 1; . . . ;M2kÞ, and N real coefficients B0k.

4.4. Expressions for the potentials

Kolosov–Muskhelishvili potentials uðzÞ and wðzÞ can be obtained by substituting (11) and (16) into (9).
Again, the integrals can all be calculated analytically. If the evaluation point is inside an inclusion (e.g.
z 2 Dk) the final expressions for the potentials are (we neglect terms that provide rigid body movement)
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uðzÞ ¼ 2lk
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In the case that the evaluation point z is inside the matrix, the potentials are

uðzÞ ¼ 2l
j þ 1

XN
j¼1
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m¼2

B�mj
a1j
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 "
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#
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The displacements and stresses inside the inclusions and the matrix can be calculated by using formulae
(8), (10), (20), (21). Thus, the expressions for the stresses inside the inclusions and the matrix are given in
Appendix B.

5. One inclusion

In the particular case of a single inclusion with center zk, Eq. (19) has the form

�
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m¼2

B�mk
c1k
2



þ m� 1

Rk
ak

�
FmkðtÞ þ

XM2k
m¼1

Bmk
c3k
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c2k
2
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�
B0k

� bk
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XM2k
m¼1

Bmkðm� 1ÞFmkðtÞ þ
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m¼2

B�mkðmþ 1Þ=FmkðtÞ
" #

¼ � j þ 1
4l
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�
þ r1

yy � F2kðtÞðr1
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xx � 2ir1
xy Þ
�

ð22Þ
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Both sides of this equation represent a truncated complex Fourier series. They are equal if and only if the
corresponding complex coefficients for terms of the same power are equal. As a result we get the following
system of equations:

� B�mk
c1k
2



þ m� 1

Rk
ak

�
� Bmk

m� 1
Rk

bk ¼
jþ1
4l ðr1

yy � r1
xx � 2ir1

xy Þ; m ¼ 2
0; m 6¼ 2

�
c2k
2



� 2 ak þ bk

Rk

�
B0k ¼ � j þ 1

4l
r1
xx

�
þ r1

yy

�
c3k
2



� mþ 1

Rk
ak

�
Bmk � B�mk

mþ 1
Rk

bk ¼ 0; m > 0

ð23Þ

One can see from the first and third of expressions (23) that the coefficients Bmk and B�mk are both involved
in the same equation of the system. This means that the number of terms in the two summations in (11) and
(16) must be equal, i.e. M1k ¼ M2k. The solution of system (23) leads to the following expressions for the
only nonzero coefficients B�2k, B0k, and B2k

B�2k ¼
�ðj þ 1Þðr1

yy � r1
xx � 2ir1

xy Þð�c3k þ 6ak=RkÞR2k=8l
3ða2k � b2kÞ þ akð3c1k � c3kÞRk=2� c1kc3kR2k=4

B0k ¼
ðj þ 1Þðr1

xx þ r1
yy Þ=8l

ðak þ bkÞ=Rk � c2k=4

B2k ¼
3bkðj þ 1Þðr1

yy � r1
xx þ 2ir1

xy ÞRk=4l

3ða2k � b2kÞ þ akð3c1k � c3kÞRk=2� c1kc3kR2k=4

ð24Þ

Thus, a three-term truncated Fourier series gives the exact solution for the case of an isolated circular
inclusion with a homogeneously imperfect interface. This result agrees with solutions obtained by Ru
(1998) and Bigoni et al. (1998) by different methods.
As in case of perfect bonding we write a real analog of (23). We introduce the vector of the unknowns as

follows:

Xk ¼
SX1ðkÞ
SX2ðkÞ
SX3ðkÞ

2
4

3
5 ð25Þ

where the subvectors SX1, SX2, and SX3 are defined as

SX1ðkÞ ¼

ReB�M1kk

ImB�M1kk

..

.

ReB�2k
ImB�2k

2
666664

3
777775; SX2ðkÞ ¼

B0k
ReB1k
ImB1k

2
4

3
5; SX3ðkÞ ¼

ReB2k
ImB2k

..

.

ReBM1kk

ImBM1kk

2
666664

3
777775 ð26Þ

Then a real system can be written in matrix form as

AkkXk ¼ Dk

where the vector of the right-hand side Dk has the form

Dk ¼
SD1
SD2
SD3

2
4

3
5 ð27Þ
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and the only nonzero subvector SD2 is as follows:

SD2 ¼

jþ1
4l ðr1

yy � r1
xx Þ

� jþ1
2l r1

xy

� jþ1
4l ðr1

xx þ r1
yy Þ

2
64

3
75

The square matrix Akk of dimension nk � nkð Þ with

nk ¼ 4M1k � 1 ð28Þ

can be written as

Akk ¼
S11ðkÞ 0 S13ðkÞ
0 S22ðkÞ 0

S31ðkÞ 0 S33ðkÞ

2
4

3
5 ð29Þ

where four square submatrices S11ðkÞ, S13ðkÞ, S31ðkÞ, and S33ðkÞ have the dimension 2M1k � 2� 2M1k � 2
and the submatrix S22ðkÞ has the dimension 3� 3. These submatrices can be written as follows:

S11ðkÞ ¼ �

c1k
2
þ ðM1k�1Þak

Rk
0 0 0 0

0 c1k
2
þ ðM1k�1Þak

Rk
0 0 0

0 0 . .
.

0 0
0 0 0 c1k

2
þ ak

Rk
0

0 0 0 0 c1k
2
þ ak

Rk

2
6666664

3
7777775

ð30Þ

S13ðkÞ ¼

� bk
Rk

0 0 0 0

0 bk
Rk

0 0 0

0 0 . .
.

0 0
0 0 0 � ðM1k�1Þbk

Rk
0

0 0 0 0 ðM1k�1Þbk
Rk

2
66666664

3
77777775

ð31Þ

S31ðkÞ ¼

� ðM1kþ1Þbk
Rk

0 0 0 0

0 ðM1kþ1Þbk
Rk

0 0 0

0 0 . .
.

0 0
0 0 0 � 3bk

Rk
0

0 0 0 0 3bk
Rk

2
66666664

3
77777775

ð32Þ

S33ðkÞ ¼

c3k
2
� 3ak

Rk
0 0 0 0

0 c3k
2
� 3ak

Rk
0 0 0

0 0 . .
.

0 0
0 0 0 c3k

2
� ð1þM1kÞak

Rk
0

0 0 0 0 c3k
2
� ð1þM1kÞak

Rk

2
66666664

3
77777775

ð33Þ
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S22ðkÞ ¼

c2k
2
� 2 akþbk

Rk
0 0

0 c3k
2
� 2ak

Rk
0

0 0 c3k
2
� 2ak

Rk

2
64

3
75

The matrix Akk can be inverted analytically. The resulting matrix A
�1
kk is as follows:

A�1
kk ¼

S11 � S13S
�1
33 S31


 ��1
0 �S�1

11 S13 S33 � S31S
�1
11 S13


 ��1
0 S�1

22 0

�S�1
33 S31 S11 � S13S

�1
33 S31


 ��1
0 S33 � S31S

�1
11 S13


 ��1
2
64

3
75 ð34Þ

where the argument k in S11, etc. is omitted for brevity.
Because of the simple diagonal form of the submatrices S, the calculations in (34) are trivial. This allows

one to save computational time, which is an important issue in solving large-scale problems.

6. N inclusions

In the general case of N inclusions we have a system of N complex algebraic equations of the type (19)
for t 2 Lk, k ¼ 1; . . . ;N . As in Mogilevskaya and Crouch (2001) we use the Galerkin method (e.g. Brebbia
et al., 1984) to get a linear algebraic system.
Consider again the case when t 2 Lk. We successively multiply both sides of Eq. (19) by the powers

ðt � zkÞl ½l ¼ �ðM1k þ 1Þ;�M1k; . . . ;�1; 1; 2; . . . ;M1k � 1� and integrate over Lk, noting that we now re-
quire M2k ¼ M1k. The integrations can again be done analytically by using the three basic integrals
from Appendix A (see Mogilevskaya and Crouch, 2001, for details of analogous calculations for the case
of perfect bonding). This gives the following system of equations with respect to the unknowns B�mj and
Bmj:

(i) M1k � 1 equations (l ¼ 1; . . . ;M1k � 1Þ

� c1k
2

 
þ l

ak

Rk

!
B�ðlþ1Þk � l

bk

Rk
Bðlþ1Þk þ

XN
j¼1
j 6¼k

Fðl�1ÞkðzjÞ
(
2a1j � a3j � 2

aj þ bj

Rj


 �
lF2jðzkÞB0j:

þ
XM1j
m¼2

l
mþ l� 1

m� 1

 !
B�mjFmjðzkÞ F2kðzjÞ

mþ l
lþ 1


�
þ F2jðzkÞ

mþ l
m

� zk � zj
zk � �zzj

�

a1j þ

m� 1
Rj

aj

�

�
bj

Rj

mþ l
m

F2jðzkÞ
�
þ
XM1j
m¼1

mþ l

mþ 1

 !
BmjFðmþ2ÞjðzkÞ

� a1j � a3j �
mþ 1
Rj

aj þ
ðmþ 1Þðm� 1Þ

Rj
bj 1þ m

lþ 1
R2k
R2j

� m
mþ l

zk � zj
� �

�zzk � �zzj
� �
R2j

0
@

1
A

2
4

3
5
9=
;

¼
jþ1
4l ðr1

yy � r1
xx � 2ir1

xy Þ; l ¼ 1

0; l 6¼ 1

(
ð35Þ
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(ii) the equation

c2k
2



� 2 ak þ bk

Rk

�
B0k �

XN
j¼1
j 6¼k

XM1j
m¼2

a1j


(
þ m� 1

Rj
aj

�h
B�mjFmjðzkÞ þ B�mjFmjðzkÞ

i

þ
bj

Rj

XM1j
m¼1

ðm� 1Þ
h
BmjFmjðzkÞ þ BmjFmjðzkÞ

i)
¼ � j þ 1

4l
r1
xx

�
þ r1

yy

�
ð36Þ

(iii) M1k equations (l ¼ 2; . . . ;M1k þ 1)

c3k
2



� l

ak

Rk

�
Bðl�1Þk � l

bk

Rk
B�ðl�1Þk �

XN
j¼1
j 6¼k

Fðl�1ÞkðzjÞ
XM1j
m¼2

a1j



þ m� 1

Rj
aj

�
mþ l� 2
m� 1


 �
B�mjFmjðzkÞ ¼ 0

ð37Þ

where the binomial coefficients are defined as

n
k


 �
¼ n!

k!ðn� kÞ! ð38Þ

By writing these equations for k ¼ 1; . . . ;N and separating real and imaginary parts, we get finally the
real system of

PN
k¼1 nk (where nk is given by (28)) linear algebraic equations

AX ¼ D ð39Þ
The matrix of this system has the following form

A ¼
A11 � � � A1N

..

. ..
. ..

.

AN1 � � � ANN

2
64

3
75 ð40Þ

where Akk is submatrix (29) corresponding to the case of an isolated kth inclusion. The submatrix Akj

(j 6¼ kÞ of dimension ðnk � njÞ is a full submatrix that expresses the influence of the jth inclusion on the kth
inclusion. The individual terms of this matrix are functions of the distances between the centers of the kth
and jth inclusions, as well as their interface parameters and radii. The vector of unknowns X and the right-
hand side vector D can be written as

X ¼
X1

..

.

XN

2
64

3
75; D ¼

D1

..

.

DN

2
64

3
75

where subvectors Xk and Dk are given by formulae (25) and (27).
The system (39) can be solved by using a Gauss–Seidel iterative algorithm (Golub and Van Loan, 1996).

In this algorithm the new iteration Xðkþ1Þ

Xðkþ1Þ ¼
X

ðkþ1Þ
1

..

.

X
ðkþ1Þ
N

2
64

3
75

can be obtained as follows:

X
ðkþ1Þ
l ¼ A�1

ll Dl

"
�
Xl�1
j¼1

AljX
ðkþ1Þ
j �

XN
j¼lþ1

AljX
ðkÞ
j

#
; l ¼ 1; . . . ;N ð41Þ
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The iteration process is deemed to have converged when the maximum difference between two successive
iterates reaches a predetermined tolerance limit for each Xl.
As in case of perfect bonding, there is no need to store the full matrix (40) in computer memory for the

solution of (39), and the diagonal matrix All is trivial to invert. The number of terms M1j of the complex
Fourier series can be determined during the iterative procedure as explained by Mogilevskaya and Crouch
(2001).

7. Artificial inclusion

The case of an ‘‘artificial inclusion’’ provides the simplest benchmark for the algorithm given above.
Consider two elastic inclusions, one with boundary L1, center z1 ¼ 0, radius R1, and elastic constants l1 and
m1, which are different from those of the matrix (l and mÞ, and the other with boundary L2, center z2, radius
R2, and elastic constants l2 ¼ l and m2 ¼ m. The bond between the first inclusion and the matrix is assumed
to be homogeneously imperfect; the second inclusion is perfectly bonded to the matrix. The solution for a
single inclusion can then be used to calculate the elastic fields everywhere in the plane. In particular, we can
calculate the tractions on the boundary of the artificial inclusion. The expression for the tractions has the
following form (Muskhelishvili, 1959):

r2ðsÞ ¼ UðsÞ þ UðsÞ � expð�2ih2Þ sU0ðsÞ
h

þ WðsÞ
i

ð42Þ

where s 2 L2; UðsÞ ¼ u0ðsÞ; WðsÞ ¼ w0ðsÞ and h2 is the polar angle at the point s.
By using expressions (21) for the potentials and solution (24) for the coefficients, one can write the

potentials UðzÞ and WðzÞ at any point z outside the ‘‘real’’ inclusion as

UðzÞ ¼ C1 �
C2
z2

WðzÞ ¼ C3 þ 2
C1 � C4

z2
R21 � 3R21

C2 þ CR41
z4

ð43Þ

where the coefficients Cl ðl ¼ 1; . . . ; 5Þ can be expressed via those from (24) as

C1 ¼
r1
xx þ r1

yy

4
; C3 ¼

r1
yy � r1

xx þ 2ir1
xy

2
; C2 ¼ �R21ðC3 þ B�21Þ; C4 ¼

B01
2

; C5 ¼
B21
3R21

By substituting expressions (43) into Eq. (42) and performing some algebra, one gets the following
expression for the tractions r2 on the boundary L2:

r2ðsÞ ¼ 2C1 �
C2
s2

� C2
�ss2

� R22
ðs � z2Þ2

2s
C2
�ss3

�
þ C3 þ 2

C1 � C4
�ss2

R21 � 3R21
C2 þ C5R41

�ss4

�
; s 2 L2 ð44Þ

Taking into account that

s ¼ ðs � z2Þ þ z2 ¼ z2 1



þ s � z2

z2

�
;

s � z2
z2

&&&&
&&&& < 1

ð�ss � �zz2Þðs � z2Þ ¼ R22

and using the series expansion

ð1þ zÞm ¼ 1þ m
1!
zþ mðm� 1Þ

2!
z2 þ � � � þ mðm� 1Þ � � � ðm� nþ 1Þ

n!
zn þ � � � ; jzj < 1
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all of the terms involved in (44) can be decomposed into a series with respect to s � z2. In this way, r2 can
finally be written as

r2ðsÞ ¼
X1
m¼1

B�m2Fm2 þ
X1
m¼0

Bm2=Fm2 ð45Þ

where

B02 ¼ 2C1 �
C2
z22

� C2
�zz22

B�22 ¼ �C3 þ 3
C2R22
�zz42

� 2ðC1 � C4Þ
R21
�zz22

� 2C2
z2
�zz32

þ 3R21
C2 þ C5R41

�zz42

B�m2 ¼ ð�1Þmðm� 1ÞR
m
2

�zzm2
ðm
"

þ 1ÞC2
�zz22

� m
C2
R22

z2
�zz2

� 2ðC1 � C4Þ
R21
R22

þ mðmþ 1Þ R21
2R22

C2 þ C5R41
�zz22

#
; mP 3

Bm2 ¼ ð�1Þmþ1ðmþ 1ÞC2
Rm
2

zmþ22

; mP 1

ð46Þ

8. Numerical examples

8.1. Artificial inclusion

Representation (45) gives the analytic solution for the case of an artificial inclusion. This solution
provides an opportunity to conduct numerical experiments to check the numerical algorithm (41) and
determine how many terms of the complex Fourier series are needed to achieve a predetermined accuracy
level.
Consider the case of biaxial tension at infinity (r1

xx ¼ r1
yy ¼ 1). Suppose that the first inclusion has center

z1 ¼ ð0; 0Þ, radius R1 ¼ 2, and elastic constants l1 ¼ 1 and m1 ¼ 0:2. The elastic constants for the matrix are
equal to l ¼ 0:5 and m ¼ 0:25. The second inclusion is perfectly bonded and has the same elastic constants
as the matrix. Consider the following cases for the location and size of the artificial inclusion: (i) z2 ¼ ð8; 0Þ,
R2 ¼ 1; (ii) z2 ¼ ð4; 0Þ, R2 ¼ 1; (iii) z2 ¼ ð3:1; 0Þ, R2 ¼ 1. The interfacial parameters for the first inclusion
were chosen as follows: (a) kjn ¼ 0, kjs ¼ 1; (b) kjn ¼ 1, kjs ¼ 0; (c) kjn ¼ 1, kjs ¼ 1; (d) kjn ¼ 0, kjs ¼ 10; (e)
kjn ¼ 10, kjs ¼ 0; and (f) kjn ¼ 10, kjs ¼ 10.
In all these cases the tractions r2ðsÞ were calculated both analytically by using formulae (45) and (46) and

numerically by using the Gauss–Seidel algorithm (41). The parameters d1 and d2 were chosen as
d1 ¼ 10�4 minfB01;B02g and d2 ¼ 0:01. All calculations were performed on a personal computer using single
precision arithmetic. Three coefficients B�21, B01, and B21 (24) provided the analytical solution for the first
inclusion, and the numerical results for these coefficients coincided with the analytical solution to seven
significant digits.
For case (i) with interfacial parameters (a), (b), (c), and (d), convergence within the specified accuracy

was achieved with two only nonzero coefficients B�22 and B02. For interfacial parameters (e) and (f) three
nonzero coefficients B�32, B�22, and B02 were needed. In all of these cases the Gauss–Seidel algorithm
converged within two or three iterations for each step (with the chosen fixed number of terms). The values
of the coefficients coincided with the analytical solution to seven significant digits.
When the inclusions are closer to each other, more terms are needed to achieve a predetermined accuracy

level. For case (ii) with interfacial parameters (a), (b), (c), and (d), four nonzero coefficients B�m2
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(m ¼ 0; 2; . . . ; 4) were needed. For interfacial parameters (e) and (f), seven nonzero coefficients B�m2

(m ¼ 0; 2; . . . ; 7) were needed.
For case (iii) with interfacial parameters (a), (b), (c), and (d), the number of nonzero coefficients B�m2 was

equal to five (m ¼ 0; 2; . . . ; 5). For interfacial parameters (e) and (f), seven nonzero coefficients B�m2

(m ¼ 0; 2; . . . ; 7) were needed.
The accuracy in calculation of the coefficients B�m2 was excellent for all of these cases (the same as in case

(i)). A Gauss–Seidel algorithm converged for all the cases within three iterations for each step (with the
chosen fixed number of terms).
A case when the artificial inclusion is larger than the real one requires more terms of the complex Fourier

series to achieve a predetermined accuracy level. For example, consider a case when z1 ¼ ð0; 0Þ, R1 ¼ 0:5
and z2 ¼ ð2; 0Þ, R2 ¼ 1. The number of nonzero coefficients B�m2 was equal to five for conditions (a) and (d);
seven for conditions (b) and (c), and eight for conditions (e) and (f).

8.2. Equally spaced inclusions

As a more comprehensive example, we consider the finite rectangular l� l array (l in each coordinate
direction) of inclusions shown in Fig. 2. All inclusions have the same radii a and elastic properties
li ¼ 5:5� 103 MPa and mi ¼ 0:25. The elastic properties of the matrix were taken as lm ¼ 0:7� 103 MPa
and mm ¼ 0:33. The dimensionless interfacial constants were equal to kjn=ðlm=aÞ ¼ kjs=ðlm=aÞ ¼ k ¼ 0, 0.1,
and 1.0. The distances between the centers of the fibers in the x- and y-directions were uniform and equal to
2b and b=a ¼

ffiffiffiffiffiffiffiffi
p=2

p
, respectively. We studied the stress and traction distribution in the basic cell (06 x6 b,

06 y6 b). We took l ¼ 5, 7, 9, and 11 with parameters d1 and d2 chosen as d1 ¼ 10�4 minfB01;B02; . . . ;B0lg,
and d2 ¼ 0:01. Convergence within the specified accuracy was achieved with up to a total of 17 coefficients
B�mj and Bmj: The distributions of tractions and stresses in the basic cell were the same for all values of
l considered. To avoid radial overlap we consider the case of pure sliding with kjn=ðlm=aÞ ¼ 0,
kjs=ðlm=aÞ ¼ k ¼ 0, 0.1, and 1.0. (Prohibition of radial overlap would otherwise require an inhomo-
geneously imperfect interface, which is outside the scope of this paper.) Fig. 3 shows the interface stresses
for the central inclusion as obtained by our approach.
For the case of perfect bonding (k ¼ 0) we performed additional calculations with the complex variables

boundary element computer code described in Mogilevskaya (1996). This code allows the use of circular arc
elements with the unknown tractions approximated by complex Lagrange polynomials of the second de-
gree. Three collocation points for each element (the nodes of the Lagrange polynomials) were distributed
uniformly along each element. The array of 25 circular inclusions was considered, and each inclusion was

Fig. 2. Rectangular array of inclusions.
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approximated by 4 and 8 circular elements, respectively. The results are shown in Fig. 4. One can see that
the results with 8 circular elements correspond well to those obtained by the present approach. Additional
validation of our results was obtained by using a real variables boundary integral analog (Crouch and
Mogilevskaya, 2002) of the approach described herein.
The analogous problem for an infinite rectangular array was solved by Achenbach and Zhu (1989), who

reduced the problem to a boundary integral equation written for a quarter region of a basic cell. (This was
possible because of the periodicity of the fibers in the composite.) In case unrealistic radial overlap of the
two materials occurred over a part of the interface, Achenbach and Zhu repeated all the calculations as-
suming that the displacements were continuous on that part of the boundary. For the case of perfect
bonding (k ¼ 0) we compared our results with those of Achenbach and Zhu (1989) (Fig. 4). One can see
that the difference between the two sets of results increases as h ! 0� and h ! 90�.
The reason for this difference lies in the different physical nature of two problems. The finite array of

inclusions in effect behaves as an inclusion with some average properties embedded in a matrix with dif-
ferent elastic properties, whereas the infinite array can be viewed as a homogeneous plane with average
elastic properties. When the inclusions are relatively far apart, the two solutions are comparable, but
otherwise are quite different.
Fig. 5 shows the comparison of results obtained by the different approaches for the internal stress rxx

along the line x ¼ 0, 06 y6 b. The discrepancies between our results and the ones by Achenbach and Zhu
are even more pronounced than for the interface tractions. The complex variables boundary element code
gave good agreement with the present approach for a relatively fine mesh (16 elements for the central circle
and 8 elsewhere).
Another example is concerned with the hexagonal arrays of periodically spaced inclusions. An example

of such an array is shown in Fig. 6. The material properties for the inclusions and matrix were taken as

Fig. 3. Interface tractions for the central inclusion (kn ¼ 0, ks ¼ k).
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li ¼ 30 Msi, mi ¼ 0:22 and lm ¼ 14:2 Msi, mm ¼ 0:22. The ratio b=a was
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5p=3

ffiffiffi
3

pq
and the interfa-

cial constants were taken as kjn=ðlm=aÞ ¼ kjs=ðlm=aÞ ¼ k ¼ 0, 0.1, and 1.0. We calculated the case of a
hexagonal array with 25 periodically spaced inclusions. The parameters d1 and d2 were chosen as in
the previous example. Radial overlap does not occur when k ¼ 0 and k ¼ 0:1, and for these cases we
compared the results with the ones for an infinite array given in Achenbach and Zhu (1990). The com-
parisons with results from Achenbach and Zhu (1990) and the complex variables boundary element code
are shown in Figs. 7–10. In this case the volume content of the fibers (c ¼ 0:4) was smaller than for the
rectangular array (c ¼ 0:5) and the agreement between our results and those by Achenbach and Zhu is
better.

8.3. Calculation time

To investigate the dependence of the calculation time on the number of inclusions, we conducted nu-
merical experiments with the hexagonal array of periodically spaced inclusions described in the previous
subsection (the volume content of the fibers was c ¼ 0:4). The parameters d1 and d2 were chosen as before,
and the calculations were performed with an 866 MHz personal computer. Convergence within the specified
accuracy was achieved with 15 coefficients B�mj and Bmj for all cases considered. The dependence of the
calculation time on the number of inclusions is shown in Fig. 11 for the case of perfect bonding. This case

Fig. 4. Interface tractions for the central inclusion, perfect bond (solid line––present approach; dashed line––results from Achenbach

and Zhu (1989); �––BEM results with 4 elements; H––BEM results with 8 elements).
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was selected because it required more time than the analogous case with imperfect interfaces. The calcu-
lation times for this example could easily be reduced by taking into account that the interactions between
inclusions decay rapidly with distance. Thus, fewer terms of the Fourier series are needed to accurately
capture the interactions between inclusions that are far apart than those that are close together. Work is in
progress to incorporate refinements of this sort into the equation-solving algorithm, and it is expected that
substantial savings in computer run-times can be realized without a noticeable loss in accuracy.

Fig. 5. Stress along line x ¼ 0, 06 y6 b (solid line––present approach; dashed line––results from Achenbach and Zhu (1989);H––BEM
results with 8 elements; �––BEM results with 16 elements).

Fig. 6. Hexagonal array of inclusions.
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Fig. 7. Interface tractions for the central inclusion, perfect bond (solid line––present approach; dashed line––results from Achenbach

and Zhu (1990); H––BEM results with 8 elements).

Fig. 8. Interface tractions for the central inclusion, kjn=ðlm=aÞ ¼ kjs=ðlm=aÞ ¼ 0:1 (solid line––present approach; dashed line––results
from Achenbach and Zhu, 1990).
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9. Conclusions

In this paper we extended a recently suggested numerical technique for solving the problem of an infinite
elastic plane containing a large number of circular elastic inclusions to the case of inclusions with homo-
geneously imperfect interfaces. Comparison of the results with analytical and numerical solutions available
in the literature has proven the effectiveness of the method and its potential in solving large-scale problems
with large numbers of inclusions. Obvious future developments of the method are the implementation of
finite boundaries, elliptical inclusions, and inhomogeneously imperfect interfaces. The work in progress on
a real variables analog of the method will allow us to extend this approach to three-dimensional problems.

Appendix A. Three basic integrals (m; n > 0)

The detailed derivations of these integrals are given in Mogilevskaya and Crouch (2001).

I1 ¼
Z
Lk

ds
ðs � zÞm ¼

2pi z 2 Dk; m ¼ 1
0 z 2 Dk; m > 1
0 z 62 Dk [ Lk

pi z ¼ t 2 Lk; m ¼ 1

8>><
>>:

I2 ¼
Z
Lk

ds
ðs � zkÞmðs � zÞn ¼

0 z 2 Dk

2pi
mþ n� 2
n� 1


 �
ð�1Þm�1

ðzk�zÞmþn�1 z 62 Dk [ Lk

� pi
ðt�zkÞm z 2 Lk; n ¼ 1

8>><
>>:

Fig. 9. Circumferential stress at the matrix side of the interface, perfect bond (solid line––present approach; dashed line––results from

Achenbach and Zhu, 1990).
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Fig. 10. Circumferential stress at the matrix side of the interface, k ¼ 0:1 (solid line––present approach; dashed line––results from
Achenbach and Zhu, 1990).

Fig. 11. Dependence of the calculation time on the number of inclusions (hexagonal array, perfect bond).
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I3 ¼
Z
Lk

ðs � zkÞm ds
ðs � zÞn ¼

2pi
m

n� 1


 �
ðz� zkÞm�nþ1 z 2 Dk

0 z 62 Dk [ Lk

piðt � zkÞm z 2 Lk; n ¼ 1

8>><
>>:

Appendix B. Stresses at internal points

The stresses ðrxxÞk, ðryyÞk, and ðrxyÞk inside the kth inclusion are

ðrxxÞk þ ðryyÞk ¼
8lk
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and the stresses rxx, ryy , and rxy in the matrix are

rxx þ ryy ¼ � 8l
j þ 1Re
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