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Abstract

A Galerkin boundary integral method is presented to solve the problem of an infinite, isotropic elastic plane con-
taining a large number of randomly distributed circular elastic inclusions with homogeneously imperfect interfaces.
Problems of interest might involve thousands of inclusions with no restrictions on their locations (except that the in-
clusions may not overlap), sizes, and elastic properties. The tractions are assumed to be continuous across the interfaces
and proportional to the corresponding displacement discontinuities. The analysis is based on a numerical solution of a
complex hypersingular integral equation with the unknown tractions and displacement discontinuities at each circular
boundary approximated by truncated complex Fourier series. The method allows one to calculate the stress and dis-
placement fields everywhere in the matrix and inside the inclusions. Numerical examples are included to demonstrate
the effectiveness of the approach.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Evaluation of the elastic fields for an array of elastic inclusions within an elastic matrix is important for
analysis of micromechanical behavior of fiber-reinforced materials. In a previous paper (Mogilevskaya and
Crouch, 2001), we presented a new numerical approach for solving two-dimensional problems involving a
large number of circular elastic inclusions in an infinite elastic plane. Problems of interest might involve
thousands of inclusions with no restrictions on their locations (except that the inclusions may not overlap),
sizes, and elastic properties. The approach allows one to calculate elastic fields everywhere in the matrix and
inside the inclusions. The bond between the inclusions and matrix is assumed to be perfect, so the tractions
and displacements are continuous across the interfaces.
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The problem of multiple interacting circular inhomogeneities in plane elastostatics has also been con-
sidered by Gong and Meguid (1993). Their approach is based on superposition of the Kolosov—Muskhe-
lishvili potentials (Muskhelishvili, 1959) for the individual inclusions, which are expanded in truncated
Laurent series. The unknown coefficients in the expansions are determined from the solution of a system of
complex algebraic equations. Gong and Meguid used a perturbation technique to solve this system. In this
technique, the unknown coefficients are expanded in infinite series with respect to a characteristic pa-
rameter. The disadvantage of this technique is that the results may depend on the choice of the charac-
teristic parameter; in the case of closely packed inclusions with large variations in size, convergence of the
series will be difficult to achieve. Gong and Meguid do not mention how many terms of the Laurent series
are needed to get accurate results. A problem in the field of groundwater flow analogous to the multiple
circular elastic inclusion problem has been considered by Jankovi¢ (1997) and Barnes and Jankovi¢ (1999)
The analytical/numerical approach used by these authors is referred to as the ‘analytic element method’
(Strack, 1989).

A number of authors have generalized the concept of perfect bonding in an effort to better represent the
real behavior of fiber-reinforced materials (see e.g. Aboudi, 1987; Achenbach and Zhu, 1989, 1990; Hashin,
1990, 1991; Jasiuk and Kouider, 1993; Gao, 1995; Ru and Schiavone, 1997; Ru, 1998, 1999; Bigoni et al.,
1998; Sudak et al., 1999; Chen, 2001). This work has led to the development of models for imperfect in-
terfaces. The simplest models assume that the tractions are continuous across an interface and that the
normal and shear displacement discontinuities are proportional to the normal and shear tractions at the
interface. The proportionality coefficients are either assumed to be constant along the interface (a homo-
geneously imperfect interface) or to vary along it (an inhomogeneously imperfect interface).

Closed-form solutions are available for the problem of a single circular inclusion with an imperfect
interface under general loading conditions. Gao (1995), for example, gave the solution for a circular in-
clusion with a general homogeneously imperfect interface (nonzero normal and shear proportionality co-
efficients) under the condition of a general two-dimensional eigenstrain and uniform tension at infinity. The
same problem was solved analytically by Bigoni et al. (1998) for more general loading conditions at infinity.
Solutions for a circular inclusion with an inhomogeneous interface were obtained by Ru (1998) for a sliding
interface, Ru and Schiavone (1997) for antiplane shear, Sudak et al. (1999) for an inhomogeneously im-
perfect interface with equal normal and shear constants, and Chen (2001) for uniform thermal loading.

To the authors’ knowledge, the general problem of multiple, randomly distributed, circular elastic in-
clusions with imperfect interfaces has been considered only using effective medium theories (e.g. Jun and
Jasiuk, 1993 for sliding interfaces) or under simplifying assumptions of dilute inclusions when the con-
centration of the inclusions is very small (e.g. Bigoni et al., 1998). Periodically spaced inclusions were
considered in Achenbach and Zhu (1989, 1990). In the present paper we extend a general approach sug-
gested in Mogilevskaya and Crouch (2001) to the case of an infinite elastic plane with a large number of
randomly spaced circular inclusions with homogeneously imperfect interfaces under arbitrary biaxial
loading at infinity.

2. Problem formulation

Consider an infinite, isotropic elastic plane subjected to a biaxial stress field at infinity and containing N
circular elastic inclusions (Fig. 1). The elastic properties of the inclusions (their shear moduli yx; and
Poisson’s ratios v;, j = 1,...,N) are arbitrary and in general are different from those of the matrix yx and v.
The bond between the inclusions and the surrounding material (the matrix) is assumed to be homoge-
neously imperfect, which means that the normal and shear components of displacement discontinuity
across the interface of the jth inclusion are proportional to the corresponding components of traction, i.e.
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Fig. 1. Problem formulation.
Autjy = =G, Auje = =250 (1)

where Auj, = (14,)™ ™" — ()™ and Aujy = ()™ — (u;)™"™. The positive proportionality con-
stants (4;,, 4;) in (1) may be different for each inclusion, and perfect bonding occurs when 4;, = 4;, = 0.
The inclusions may not touch one another, but the distance between them can be arbitrary small. The
distribution of displacements and stresses in the composite solid are to be determined. Let R;, z;, and L,
denote the radius, center, and boundary of the jth inclusion, D;. The direction of travel is counterclockwise
for all the boundaries ;. The unit normal » points to the right of the direction of travel (i.e. away from the
inclusions); the unit tangent s is directed in the direction of travel.

The system of inclusions is in equilibrium and it follows that the resultant force and moment on the

boundary of each inclusion (j = 1,...,N) are equal to zero. The mathematical expressions for these con-
ditions can be written as follows (Muskhelishvili, 1959):
/ oi(1)dt =0 (2)
L/
Re/ t0;(t)dT =0 3)
L.

J

where ¢;(z) = 6j,(z) +10;(z), z=x + 1y is complex coordinate of a point (x,y) in the global Cartesian
coordinate system (xOy) in a plane, with, of course, i = v—1.
3. Boundary integral equation

The problem formulated above is a particular case of a more general problem of an infinite plane or a
finite body containing cracks, cavities, and inclusions of arbitrary shapes. The complex hypersingular
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boundary integral equation governing this general problem is given in Linkov and Mogilevskaya (1994).
For the particular case considered here this equation can be written as follows:

j; l2 /L/ (i”/(:))z dr — /L,- Au,(r)%dKl (t,t) — /L./ Auj(‘c)%dKz(‘c,t) + (2a1; — a3)) /L/ %
+ (ay, — ay) /L o,(7) %Kl (r,6)dt +ay /L mgzg(r, 1) dr] - Zm'[%a(t) + aOO(t)] (4)

where ¢ € UY | L;, Au; = Auy, + iAuyy; Auy and Auy, are displacement discontinuity components in directions
Ox and Oy respectively;

a) = ay; . .
o(t) = o,(1) } iftel (5)
1 1 l+x, 1+x 4K 1+x
W T YT o s BT T T 2 ©
1 dt
o™ (1) = _K;;; o+ o +a(o'f; — oy — 2iayy) (7)
oy, 0y, and o}y are the stresses at infinity; k = 3 — 4v in plane strain; ¥ = (3 —v)/(1 + v) in plane stress; a

bar over a symbol denotes complex conjugation; dz/ds = exp(—2iy) where y is the angle between the axis
Ox and tangent at the point ¢; and

—t —t
K](‘C,t)ZIH‘C—;; Kz(‘[,l‘) :‘C

T — T—t
In the case of perfect bonding Au; =0 for j=1,...,N and Eq. (4) reduces to the one considered in
Mogilevskaya and Crouch (2001).

The components of the stress tensor a,,, 6,,, and g,, and the displacements u(z) at any point z inside the
inclusions and matrix can be calculated from two complex functions ¢(z) and ¥(z) by using the Kolosov—
Muskhelishvili formulae (Muskhelishvili, 1959)

2uu(z) = xko(z) —z¢/(z) — Y(2)
0w + 0, =4Re¢'(2) (8)
Oy — O + 20y, = 220" (z) + /()]

The Kolosov—Muskhelishvili potentials can be expressed in terms of integrals of the boundary tractions and
displacement discontinuities as follows (see e.g. Wang et al., 2001):

B 1 i Au;(t)dz Oc
p(z) = a1 > [au/L a;(t) In(t — z)dz _/L ?1 o)

j=1 Jj J

. N Tdt — i
Ve =~ 7T 2 { / o)t (=) / o/(0)In(x — 2)dz ©)

j=

[ futode, [ Bt [ (f“ﬂngdf} )

where y,, k; are the elastic constants of the /th inclusion if z € D), and u, = p, k; = k if z is a point of the
matrix, and
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0 :ul(K+ ) OC+G
¢>(2) = FOES

(k+1) o), — oy + 2ioy) (10)
WOC(Z) :uI(K - ) »w xE Ayz

4. Numerical solution
4.1. Approximation of the unknown functions

In order to solve (4), we represent the unknown tractions ¢;(t) at each boundary L; by a truncated
complex Fourier series of the form

M,; M;
ZB—WJE”/+ZB”11/FMJ7 tel; (11)
m=0
where
R; "
ij(‘[:) - <T _]Z.> (12)
j

By substituting the expression (11) into equilibrium conditions (2) and (3), and using the main integral
theorems of the theory of complex variables, we find that

B_; =0; By are real (13)

forall j=1,...,N. We noted previously (Mogilevskaya and Crouch, 2001) that the equilibrium conditions
are introduced merely to simplify subsequent derivations. Conditions (13) would follow automatically from
the solution of (4) because this equation requires no additional conditions for the solution to exist (Linkov
and Mogilevskaya, 1995).

Using standard formulae for the change of variables (0; is shown in Fig. 1)

Auj = Auj, cos 0; — Aujgsin 0,
Al'tjy = Auj,, sin 0/ =+ AMjS COS 9_/'
and the relation

7Zj

exp(il;) = cosl; +isin0; =
j

we get from expressions (1) the following representation of the displacement discontinuities Au;(7)

T—2Z; _
Auy(1) = ——— > (o) + B0 (14)
J
where
o = 0.5(4jn + Aj); B; = 0.5(Ajn — 4js) (15)

Using expressions (11) and (14) we get

M,; My, M,; M -
Au/ 05/ ZB—m/Fm 1)j +ZBm]/Fm+l ] [ZB—m]/Frn+l )+ZB”1./F'(W’_1)./'(T)

m=1 m=0

T GLj (16)
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The complex coefficients B_,,; (m =1,...,My;) and B,,; (m =0, ...,M>;) in series (11) and (16) need to be
determined. As discussed below, this is accomplished by setting up and solving a system of simultaneous,
linear algebraic equations. We note here that the number of coefficients need not be the same for all the
individual inclusions.

4.2. Calculation of the integrals

Six types of integrals are involved in (4). The three integrals involving tractions g;(t) are evaluated in our
previous paper (Mogilevskaya and Crouch, 2001) and are given as follows for the case in which the
evaluation point ¢ € L;:

v o,(7) de . 3
> (ay, - a3,/‘)/ jr = Qay —ay)ni| — > BowiFu(t) + ) Bur/Fui(1)
= L — m=2 m=0
My,
- ZnZZ (2a1; — a3) ZB—”’/
,# m=2
17
N ) My; Ay T} "
Sy ay) / () S (e de = ZmZ ai; — ax) ZB B () + Y BujFai )F<m+z)j(t)]
2 L ]# m=0
My; . _
Zau / 2 Kole,1)d% = Dmiay B + 2mi e D Bony (OF (0 A() + By (0P (1)
i#
where
_ t—z
A(t) = =14 (m + 1) Fy (1) Fy(t) — mFZk(I);_ ng
J

The integrals involving displacement discontinuities Au;(t) can be calculated analytically in an analo-
gous way using three basic integrals (Appendix A). For the case in which the evaluation point ¢ € L;, we
have

Z:]: / AHJ { ZM;B ik ( Fu(t) + Z:Bmk(m + 1) /Fu(2)
Jr]% iE*mk(”’ + 1)/ Fu(t) + ik:l_i’mk(m — 1)Fu(f) + By

m=2

N M,; My
+2Z[ ]Z;ijm—l jZBm] 1)E,,(1) }

J#k

m=1




S.G. Mogilevskaya, S.L. Crouch | International Journal of Solids and Structures 39 (2002) 4723-4746 4729

i / dK1 (7,1) —27112{
=1 J#k

Z —mj(m — 1)F,(t) — iij(m + I)sz(t)F(mﬂ)‘,-(t)]

=2 m=0

1% EJ:Bm/ D)F,, (1) — ;Bmf(m + 1)1:2,((;)1:(%2)].(;)] }
N d ﬂ ; My;
; /L,- Au(7) 5 dKs (1, 1) = 2mi Rk £ Box 72mz { “1 ;B,m, m — 1)E,; () A(2)
/#k
— By il Py (1) F(1) +ﬂ—f'_ zj:Bm](m —1) mj(t)A(t)} (18)
J J m=1

4.3. Resulting equation

Substitution of expressions (17) and (18) into Eq. (4) results in the following equation:

My Moy
c m—+1 c o +
- E B—mk( L R OCk) i (1) + g Bmk< x*_ O‘k)/EnkU)""‘ (_;k_z kR ﬁk>30k
«

m=2 k

ﬁ Moy M M, m—1

k _

— KIS " Bo(m — 1)Fy E B, 1)/Fu(t § > Bt ,
R 2 k(m ) —|— " m+ / k { 2 i mj <a1j+ Rj ocj>

/#k

el m+1
ZBm/FM/ as; — R—al
J

M
m—1 [ F—
< Fo (D) + (m } ol o +R—ja,-)A<z> e+ 1>R—;F2k<z>5j<r>}
7&%? (m — D)F(0) f—’c+1{°°+ ~ Fu(t) (0 — o3 — 2003 )| (19)
J m=1 " " " B 4:“ GXX G * O- IO-X,V
where
Cir = 2ai; + Ay — az; Co = 4ay — ay — az; ey = 2a1, — Qo — a3

By writing this equation for all the inclusions, £k =1 to N, one gets a system of N complex algebraic
equations. These equations involve ZkN:l(Mlk + My, — 1) complex coefficients B_,; (m=2,...,M;) and
B (m=1,...,My), and N real coefficients By.

4.4. Expressions for the potentials

Kolosov—Muskhelishvili potentials ¢(z) and y/(z) can be obtained by substituting (11) and (16) into (9).
Again, the integrals can all be calculated analytically. If the evaluation point is inside an inclusion (e.g.
z € Dy) the final expressions for the potentials are (we neglect terms that provide rigid body movement)
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2uk Mo an Mk
= Bm — R Fm B—m Fm
?(2) i+ 1 { Z:l k(m 1 Rk &/ Flmt 1)k Z KB/ Finr1yk(2)

M,
J=

My,
Zij< R1>R Fm 1))
/%k

+ZijﬁFm 1) ()
m=2
W(z) = Kk2+ l{iBmk[ (ReFi(z) +2x) <a1k—m;}:10€k —&> +&Zk]/ka(z)

M

+ ZB—mk[% k= PBi(m + 1)(1 +RkFZ'1];(z)> — Ock] /Em_l)k(z)}
2 .t
Kkilz{Boj(a3/2a1’+2 _,B >RF1,()

J#k

- (RiFy;(2) +2)) + 0F(2)

m—1 AN
(RiFy;(z +ZJ)<au+R—fx/ j) +R—j?f

S 5 B ) — (m— 1))
+Z mj m+1 ]J( m —

Fyj(z)

My,

,ZB i

g R;

Fo (Z)} +y7(2)

In the case that the evaluation point z is inside the matrix, the potentials are

M,y; Mo,
o —_
[E B_ »u( ﬁ)RjF(ml)j(Z) + ) BuiBiFin1(z)
=1 m=2 J

m=2
N

a; + B
lp + {Boj<ag/ 2011+2 ! >R E/( )
j=1

]

p(z) =

+¢™(2)

My,
— asi_a)
+m B, ’_H’RFU() (m—1)

Fry(2)
J
MI,'

> (wre)+2) (a4 - ) iz e )} ()

—_

==

L (RiFy(2) + 2) + 04Fy(2)

J

The displacements and stresses inside the inclusions and the matrix can be calculated by using formulae
(8), (10), (20), (21). Thus, the expressions for the stresses inside the inclusions and the matrix are given in
Appendix B.

5. One inclusion

In the particular case of a single inclusion with center z;, Eq. (19) has the form

My

Moy
Clk C3A m+1 Co o + ﬁk
et

k 2 Rk
Moy M
ZBmk mfl mk +ZB—mk m—+ )/ka()

m=2

K+ 1

a0 {a;f + 0, — Fu(t)(o), —or — 21'0?;)}

(22)

(20)
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Both sides of this equation represent a truncated complex Fourier series. They are equal if and only if the
corresponding complex coefficients for terms of the same power are equal. As a result we get the following
system of equations:

—1 o —1 K+l 00 _ 500 9GO0 , -2
— Bfmk <ci + m O(k) - Bmk mR ﬁk = { 4u <0y}' O ZO-X)/> m
k

2 Ry 0, m#2
Cok Ok + ﬁk K+ 1 o0 o0
(7 TR )BO" T (7% +3) >
cy m+1 - m+1
<7k - Rk ak>Bmk - Bfmk Rk ﬁk = 07 m>0

One can see from the first and third of expressions (23) that the coefficients B,,; and B_,,; are both involved
in the same equation of the system. This means that the number of terms in the two summations in (11) and
(16) must be equal, i.e. My; = M. The solution of system (23) leads to the following expressions for the
only nonzero coefficients B 5, By, and By
—(k + 1)(o}y — o3 — 2oy ) (—cu + 604 /Ri)RE /8
3(0(% — ﬁi) + OCk(36’1k — C3k)Rk/2 — C1k03kR1%,/4

K+ 1)(6% +0%)/8
B()k:( )( Xx yy)/ I (24)
(o + Bi)/Ri — cu /4

3B, + 1)(0% — 0% + 2i0%)Re f4u

3(0(,% — ﬁi) —+ ak(301k — C3k)Rk/2 — C1k03kR1%/4

Thus, a three-term truncated Fourier series gives the exact solution for the case of an isolated circular
inclusion with a homogeneously imperfect interface. This result agrees with solutions obtained by Ru
(1998) and Bigoni et al. (1998) by different methods.

As in case of perfect bonding we write a real analog of (23). We introduce the vector of the unknowns as
follows:

B_y =

By =

SX, (k)
X = | SXy(k) (25)
SX; (k)
where the subvectors SX;, SX,, and SX; are defined as

RGB,MU‘,/{ ReBZk
ImB,Mlkk B()k ImB2k
ReB_y ImBy, ReB, .«
ImB_y; ImB

Then a real system can be written in matrix form as
AuX; = Dy

where the vector of the right-hand side D, has the form

SD,
D, = | SD, (27)
SD,
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and the only nonzero subvector SD, is as follows:

G (o — o)

_ _ k4l goo
SD2 = 20 ny

— 5 (o + o)
The square matrix Ay of dimension (n; X n;) with
ny = 4M1k —1 (28)
can be written as
Sy (k) 0 Si3(k)
Ay = 0 S (k) 0 (29)
Ssi(k) 0 Ss3(k)

where four square submatrices Sy;(k), Si3(k), S;1(k), and S;3(k) have the dimension 2My; — 2 x 2M,;, — 2
and the submatrix Sy (k) has the dimension 3 x 3. These submatrices can be written as follows:

%+ (MlkR;1>“k 0 0 0 0
0 % + (MlkR—kl)dk 0 0 0
Sll(k) = - 0 0 0 0 (30)
0 0 0 g 0
0 0 0 0 L4z
[—%& 0 0 0 0 ]
B
0 R_i 0 0 0
Sstk)=1 o9 o . 0 0 (31)
My—1)B,
0 0 o -—BuDko g
(My—1)B
I 0 0 0 MR/C ) k_
[_ (Mlthl)/gk 0 0 0 0 ]
0 (Myp+1) By 0 0 0
Ry
Ssi (k) = 0 0 0 0 (32)
0 0 0 —3%& ¢
Ry Y
i 0 0 0 0 R_/;A_
B 0 0 0 |
0 G- 0 0 0
Ss3(k) = 0 0 0 0 (33)
0 0 0 g i 0
0 0 0 0 g — (LM
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% — 2%t 0 0

Sa (k) = 0 - %f 0
c 20,
0 0 G-

The matrix Ay can be inverted analytically. The resulting matrix A,;kl is as follows:

_ -1 _ _ -1
(Sll - SISS33IS31) 0 _SHISB (SB - S31S111513)
Al = 0 1 S, 0 1 (34)
—S3Ss (Su — 5135531531) 0 (Ss — S3lsﬁlsl3)

where the argument k in Sy, etc. is omitted for brevity.
Because of the simple diagonal form of the submatrices S, the calculations in (34) are trivial. This allows
one to save computational time, which is an important issue in solving large-scale problems.

6. N inclusions

In the general case of N inclusions we have a system of N complex algebraic equations of the type (19)
forte Ly, k=1,...,N. As in Mogilevskaya and Crouch (2001) we use the Galerkin method (e.g. Brebbia
et al., 1984) to get a linear algebraic system.

Consider again the case when ¢ € L;. We successively multiply both sides of Eq. (19) by the powers
(¢ —zk)l [l=—-My+1),—My,...,—1,1,2,... My, — 1] and integrate over L;, noting that we now re-
quire My, = My;. The integrations can again be done analytically by using the three basic integrals
from Appendix A (see Mogilevskaya and Crouch, 2001, for details of analogous calculations for the case
of perfect bonding). This gives the following system of equations with respect to the unknowns B_,,; and
B,

(1) My — 1 equations (I =1,... .M, — 1)

N
Cik |, % Pr = SE— %+ B,
- <7 + IR_k>B(l+l)k - IR_];B(Hl)k + ,-g:l F(H)k(zj){ (2611/ — a3 — 2%) [F>(zi)Bo;.

J
J#k

Gy fmAI=1N_ /] mt] z—z m—1
+Zl< >Bijnj(zk)[(sz(zj)H—I+sz(zk) " - Zj)(alf+—_°‘j>

Zk —z;

Bm+l—r] &[(mH! Fimini(z2)
PR+ B (2)

m+1:x (m—l—l)(m—l)ﬁ LM Iﬁ_ m (Zk—Zj)<Zk—Zj)

J
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(i1) the equation

My,
Cok ol + ﬁ a - m—1 —
(7 -2 R k)BOk -3 { > (al./ + R—j%‘ [Bfijmj(Zk) +B—ijmj(Zk)}

J=1 m=2
#k
Bj Mlj n K + 1 o0 00
+g 2 m=1) [BuFosle) + Busfig(an)] ¢ = == (o2 + ) (36)
(iii) My, equations (/ =2,..., My + 1)
N M,;
C3 Ol - m—1 m+1-2
<2 - IR)B<11>1< — g Bk — Z;ﬂl—l)k(zj) Z; <a1] +— ,> < m—1 >ijij(Zk) =0
ik "
(37)
where the binomial coefficients are defined as
n n!
— 38
(k) kl(n—k)! (38)
By writing these equations for k = 1,..., N and separating real and imaginary parts, we get finally the
real system of ZkN:1 n; (where ny; is given by (28)) linear algebraic equations
AX=D (39)
The matrix of this system has the following form
An o A
A= (40)
ANl e ANN

where Ay is submatrix (29) corresponding to the case of an isolated kth inclusion. The submatrix Ay,
(j # k) of dimension (n; x n;) is a full submatrix that expresses the influence of the jth inclusion on the kth
inclusion. The individual terms of this matrix are functions of the distances between the centers of the kth
and jth inclusions, as well as their interface parameters and radii. The vector of unknowns X and the right-
hand side vector D can be written as
Xi D,
Cs D=

Xy Dy
where subvectors X; and D; are given by formulae (25) and (27).

The system (39) can be solved by using a Gauss—Seidel iterative algorithm (Golub and Van Loan, 1996).

X =

In this algorithm the new iteration X**!
X(lk+1)
X(k+]) —
X](\/[C+l)

can be obtained as follows:

-1 N
X = A D =Y AXE - N AXP =1, N (41)
j=1

J=1+1
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The iteration process is deemed to have converged when the maximum difference between two successive
iterates reaches a predetermined tolerance limit for each X;.

As in case of perfect bonding, there is no need to store the full matrix (40) in computer memory for the
solution of (39), and the diagonal matrix A, is trivial to invert. The number of terms M,; of the complex
Fourier series can be determined during the iterative procedure as explained by Mogilevskaya and Crouch
(2001).

7. Artificial inclusion

The case of an “artificial inclusion” provides the simplest benchmark for the algorithm given above.
Consider two elastic inclusions, one with boundary L,, center z; = 0, radius R, and elastic constants yx; and
vi, which are different from those of the matrix (¢ and v), and the other with boundary L, center z,, radius
R,, and elastic constants u, = p and v, = v. The bond between the first inclusion and the matrix is assumed
to be homogeneously imperfect; the second inclusion is perfectly bonded to the matrix. The solution for a
single inclusion can then be used to calculate the elastic fields everywhere in the plane. In particular, we can
calculate the tractions on the boundary of the artificial inclusion. The expression for the tractions has the
following form (Muskhelishvili, 1959):

02(1) = @(z) + B(z) — exp(~2i6:) [7¥'(7) + V(1) (42)

where € Ly; (1) = ¢'(1); Y(r) = ¢/'(r) and 60, is the polar angle at the point t.
By using expressions (21) for the potentials and solution (24) for the coefficients, one can write the
potentials @(z) and ¥(z) at any point z outside the “real” inclusion as

C

B(z)=Cr——
: C - C G, + CR} (43)

1—Cy 2
P2)=C+2—73 R%—3R§Tl
where the coefficients C; (I =1,...,5) can be expressed via those from (24) as
oy toy gy, — Oy + 2ioy) — By By
G == = C=r—""= 3 = C, = —R}(Cs + B_a1); C4=7; C5:_3R%

By substituting expressions (43) into Eq. (42) and performing some algebra, one gets the following
expression for the tractions o, on the boundary L,:

C, C, R’ C, C-Cs , , Cy + CsRY

02(1):2C1—?—?—m 2T$+C3+2 2 R1—3RIT 5 ‘CELz (44)
Taking into account that

'[:('[—22)4—22:22(1_'_1'—22)7 T— 2y <1

22 )

(t—2)(t—2) =R

and using the series expansion
—1 1D (m— 1
(1+Z)m:1+ﬂz+mzz+...+m(m ) (m—n+ )Z"—|—--~, lz| <1

I 2! py
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all of the terms involved in (44) can be decomposed into a series with respect to © — z,. In this way, o, can
finally be written as

= ZB—mZEnZ + ZBmZ/FmZ (45)
m=1 m=0
where
C2 62
Bp =2C) —— — =
02 1 Z% Z%
CoR3 R? C, + CsR
Boyp=—Cs+3252-2(C, — Cy) =L - 2C, 3+3R2%
2 Z Z
m Ry [ G, 22 R} R C, + CsR}
By =(-1)""m+ 1052, m>1
Z
(46)

8. Numerical examples
8.1. Artificial inclusion

Representation (45) gives the analytic solution for the case of an artificial inclusion. This solution
provides an opportunity to conduct numerical experiments to check the numerical algorithm (41) and
determine how many terms of the complex Fourier series are needed to achieve a predetermined accuracy
level.

Consider the case of biaxial tension at infinity (67 = o) = 1). Suppose that the first inclusion has center
z; = (0,0), radius R, = 2, and elastic constants x4, = 1 and v; = 0.2. The elastic constants for the matrix are
equal to ¢ = 0.5 and v = 0.25. The second inclusion is perfectly bonded and has the same elastic constants
as the matrix. Consider the following cases for the location and size of the artificial inclusion: (i) z, = (8,0),
Ry =1; (il) z, = (4,0), R, = 1; (iii) z, = (3.1,0), R, = 1. The interfacial parameters for the first inclusion
were chosen as follows: (a) 4, =0, A5 =1;(b) 4y =1, 45, =0; (©) 4ju =1, 4y = 15 (d) 4, =0, 4, = 10; (e)
Ain =10, A = 0; and (f) 4, = 10, 4;; = 10.

In all these cases the tractions a,(t) were calculated both analytically by using formulae (45) and (46) and
numerically by using the Gauss—Seidel algorithm (41). The parameters J; and J, were chosen as
01 = 10~*min{By;, By, } and &, = 0.01. All calculations were performed on a personal computer using single
precision arithmetic. Three coefficients B_,;, By, and B, (24) provided the analytical solution for the first
inclusion, and the numerical results for these coefficients coincided with the analytical solution to seven
significant digits.

For case (i) with interfacial parameters (a), (b), (c), and (d), convergence within the specified accuracy
was achieved with two only nonzero coefficients B_,, and By,. For interfacial parameters (e¢) and (f) three
nonzero coefficients B_3,, B_», and By were needed. In all of these cases the Gauss—Seidel algorithm
converged within two or three iterations for each step (with the chosen fixed number of terms). The values
of the coefficients coincided with the analytical solution to seven significant digits.

When the inclusions are closer to each other, more terms are needed to achieve a predetermined accuracy
level. For case (ii) with interfacial parameters (a), (b), (c), and (d), four nonzero coefficients B_,,;
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(m=0,2,...,4) were needed. For interfacial parameters (¢) and (f), seven nonzero coefficients B_,,
(m=0,2,...,7) were needed.

For case (iii) with interfacial parameters (a), (b), (c), and (d), the number of nonzero coefficients B_,,, was
equal to five (m=0,2,...,5). For interfacial parameters (e¢) and (f), seven nonzero coefficients B_,,
(m=20,2,...,7) were needed.

The accuracy in calculation of the coefficients B_,,, was excellent for all of these cases (the same as in case
(1)). A Gauss-Seidel algorithm converged for all the cases within three iterations for each step (with the
chosen fixed number of terms).

A case when the artificial inclusion is larger than the real one requires more terms of the complex Fourier
series to achieve a predetermined accuracy level. For example, consider a case when z; = (0,0), Ry = 0.5
and z; = (2,0), R, = 1. The number of nonzero coefficients B_,, was equal to five for conditions (a) and (d);
seven for conditions (b) and (¢), and eight for conditions (e) and (f).

8.2. Equally spaced inclusions

As a more comprehensive example, we consider the finite rectangular / x [ array (/ in each coordinate
direction) of inclusions shown in Fig. 2. All inclusions have the same radii a and elastic properties
@ = 5.5 x 10> MPa and v; = 0.25. The elastic properties of the matrix were taken as u,, = 0.7 x 10> MPa
and v,, = 0.33. The dimensionless interfacial constants were equal to 4;,/(w,/a) = A;/(p,/a) = 2=0,0.1,
and 1.0. The distances between the centers of the fibers in the x- and y-directions were uniform and equal to
2band b/a = /m/2, respectively. We studied the stress and traction distribution in the basic cell (0 <x < b,
0<y<b). Wetook / =5,7,9, and 11 with parameters J; and &, chosen as 6; = 10~*min{Byy, Bo, - - -, B/},
and J, = 0.01. Convergence within the specified accuracy was achieved with up to a total of 17 coefficients
B_,; and B,,;. The distributions of tractions and stresses in the basic cell were the same for all values of
[ considered. To avoid radial overlap we consider the case of pure sliding with 4;/(u,/a) =0,
A/ (,/a) = 2=0, 0.1, and 1.0. (Prohibition of radial overlap would otherwise require an inhomo-
geneously imperfect interface, which is outside the scope of this paper.) Fig. 3 shows the interface stresses
for the central inclusion as obtained by our approach.

For the case of perfect bonding (1 = 0) we performed additional calculations with the complex variables
boundary element computer code described in Mogilevskaya (1996). This code allows the use of circular arc
elements with the unknown tractions approximated by complex Lagrange polynomials of the second de-
gree. Three collocation points for each element (the nodes of the Lagrange polynomials) were distributed
uniformly along each element. The array of 25 circular inclusions was considered, and each inclusion was

y
-— —_—
0'0<_ _>O'0
-— O OG0 o> x
— el

Fig. 2. Rectangular array of inclusions.
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Fig. 3. Interface tractions for the central inclusion (4, =0, 4, = A).

approximated by 4 and 8 circular elements, respectively. The results are shown in Fig. 4. One can see that
the results with 8 circular elements correspond well to those obtained by the present approach. Additional
validation of our results was obtained by using a real variables boundary integral analog (Crouch and
Mogilevskaya, 2002) of the approach described herein.

The analogous problem for an infinite rectangular array was solved by Achenbach and Zhu (1989), who
reduced the problem to a boundary integral equation written for a quarter region of a basic cell. (This was
possible because of the periodicity of the fibers in the composite.) In case unrealistic radial overlap of the
two materials occurred over a part of the interface, Achenbach and Zhu repeated all the calculations as-
suming that the displacements were continuous on that part of the boundary. For the case of perfect
bonding (1 = 0) we compared our results with those of Achenbach and Zhu (1989) (Fig. 4). One can see
that the difference between the two sets of results increases as § — 0° and 6 — 90°.

The reason for this difference lies in the different physical nature of two problems. The finite array of
inclusions in effect behaves as an inclusion with some average properties embedded in a matrix with dif-
ferent elastic properties, whereas the infinite array can be viewed as a homogeneous plane with average
elastic properties. When the inclusions are relatively far apart, the two solutions are comparable, but
otherwise are quite different.

Fig. 5 shows the comparison of results obtained by the different approaches for the internal stress o,
along the line x = 0, 0 < y < b. The discrepancies between our results and the ones by Achenbach and Zhu
are even more pronounced than for the interface tractions. The complex variables boundary element code
gave good agreement with the present approach for a relatively fine mesh (16 elements for the central circle
and 8 elsewhere).

Another example is concerned with the hexagonal arrays of periodically spaced inclusions. An example
of such an array is shown in Fig. 6. The material properties for the inclusions and matrix were taken as
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0.0 15.0 30.0 45.0 60.0 75.0 90.0
0

Fig. 4. Interface tractions for the central inclusion, perfect bond (solid line—present approach; dashed line—results from Achenbach
and Zhu (1989); x—BEM results with 4 elements; *—BEM results with 8 elements).

;=30 Msi, v, =0.22 and g, = 14.2 Msi, v, =0.22. The ratio b/a was \/Sn/3\/§ and the interfa-
cial constants were taken as A;/(u,/a) = Ai/(u,/a) =2 =0, 0.1, and 1.0. We calculated the case of a
hexagonal array with 25 periodically spaced inclusions. The parameters 6, and d, were chosen as in
the previous example. Radial overlap does not occur when 2 =0 and A= 0.1, and for these cases we
compared the results with the ones for an infinite array given in Achenbach and Zhu (1990). The com-
parisons with results from Achenbach and Zhu (1990) and the complex variables boundary element code
are shown in Figs. 7-10. In this case the volume content of the fibers (¢ = 0.4) was smaller than for the
rectangular array (¢ = 0.5) and the agreement between our results and those by Achenbach and Zhu is
better.

8.3. Calculation time

To investigate the dependence of the calculation time on the number of inclusions, we conducted nu-
merical experiments with the hexagonal array of periodically spaced inclusions described in the previous
subsection (the volume content of the fibers was ¢ = 0.4). The parameters 0; and J, were chosen as before,
and the calculations were performed with an 866 MHz personal computer. Convergence within the specified
accuracy was achieved with 15 coefficients B_,,; and B, for all cases considered. The dependence of the
calculation time on the number of inclusions is shown in Fig. 11 for the case of perfect bonding. This case
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Fig. 5. Stress along line x = 0, 0 < y < b (solid line—present approach; dashed line—results from Achenbach and Zhu (1989); *—BEM
results with 8 elements; @ —BEM results with 16 elements).

Fig. 6. Hexagonal array of inclusions.

was selected because it required more time than the analogous case with imperfect interfaces. The calcu-
lation times for this example could easily be reduced by taking into account that the interactions between
inclusions decay rapidly with distance. Thus, fewer terms of the Fourier series are needed to accurately
capture the interactions between inclusions that are far apart than those that are close together. Work is in
progress to incorporate refinements of this sort into the equation-solving algorithm, and it is expected that
substantial savings in computer run-times can be realized without a noticeable loss in accuracy.



S.G. Mogilevskaya, S.L. Crouch | International Journal of Solids and Structures 39 (2002) 4723-4746 4741
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0.3 —

Fig. 7. Interface tractions for the central inclusion, perfect bond (solid line—present approach; dashed line—results from Achenbach
and Zhu (1990); *—BEM results with 8 elements).

A L R L R L R

Fig. 8. Interface tractions for the central inclusion, 4;,/(1,/a) = A;/(,,/a) = 0.1 (solid line—present approach; dashed line—results
from Achenbach and Zhu, 1990).
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Fig. 9. Circumferential stress at the matrix side of the interface, perfect bond (solid line—present approach; dashed line—results from

Achenbach and Zhu, 1990).

9. Conclusions

In this paper we extended a recently suggested numerical technique for solving the problem of an infinite
elastic plane containing a large number of circular elastic inclusions to the case of inclusions with homo-
geneously imperfect interfaces. Comparison of the results with analytical and numerical solutions available
in the literature has proven the effectiveness of the method and its potential in solving large-scale problems
with large numbers of inclusions. Obvious future developments of the method are the implementation of
finite boundaries, elliptical inclusions, and inhomogeneously imperfect interfaces. The work in progress on
a real variables analog of the method will allow us to extend this approach to three-dimensional problems.

Appendix A. Three basic integrals (m,n > 0)

The detailed derivations of these integrals are given in Mogilevskaya and Crouch (2001).

2ni z€ Dy, m=1
[7/ de JO zeDy, m>1
b Ly (T—Z)mi 0 ZQDkULk
i z=tel, m=1

0 ze D,
[2:/ %: 2ni<m+n1_2><(l++,jl z& Dy UL
y (t—z)"(t—2) T Z”
I (S ZGLk,I’lzl

(t=z)"
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Fig. 10. Circumferential stress at the matrix side of the interface, A = 0.1 (solid line—present approach; dashed line—results from
Achenbach and Zhu, 1990).
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number of inclusions

Fig. 11. Dependence of the calculation time on the number of inclusions (hexagonal array, perfect bond).
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Appendix B. Stresses at internal points

The stresses (o), (0,y);, and (oy,), inside the kth inclusion are

8 + A m—+1
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Kr + 1
M M,
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and the stresses oy, 0y, and oy, in the matrix are

N M, My,
8u - m—1 A m—1
GXX+O'X},:—7RC Z ZB,mj a1j+ ‘ fXj +ZBm17ﬁj Fm(Z) +O’§:+G;;
K+1 j=1 m=2 Rf m=2 R/
O(.f+ﬁj

)sz(z) — By (alj —ay — QR*'/_)Fy(Z)
J

7

M,

! m—1 Fini1)i(2) m—1 B
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m=2 J 1 Z)
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,— Oy + 200, = —— By; i —2a;,+2
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